TWO-DIMENSIONAL THERMAL ELASTICITY PROBLEM FOR A BODY
WEAKENED BY A SYSTEM OF THERMALLY INSULATED CRACKS

M. P. Savruk UDC 539.375

The thermally elastic state of a body in two dimensions with cracks has been in-
vestigated in a number of articles (see the survey in [1]). However, in the major-
ity of cases problems have been investigated in which temperature stresses in a
body are weakened by a single crack. The existing solutions of problems on the
interaction between thermally insulated cracks in an elastic body have been con-
fined to simple cases either with collinear [2, 3] or with arched cracks [4, 5].
Below the two-dimensional thermoelastic problem for an infinite body with arbi-
trarily positioned straight-lined thermally insulated cracks is studied by re-
ducing it to a system of singular integral equations. An approximate solution is
found for large distances between cracks. An exact solution is obtained in the
case of a periodic system of collinear cracks.

1. A two-dimensional problem of heat conduction is considered for a body with thermal-
ly insulated cracks. ZLet there be N straight-line cuts (cracks) of length 2a;(k=1, 2, ..., N)
(see Fig. 1) in a plane with a Cartesian coordinate system xOy. At the centers Oh(x& y@
of the cracks there are positioned the origins z,0,u, of local coordinate systems whose
0.z, axes coincide with the Iines of the cracks each making an angle o, with the Ox axis.
It is assumed that in a continuous plane with no cuts the temperature distribution is de-
scribed by a given harmonic function Z(z, y).

The determining of the stationary temperature field in a plane containing one crack,
|z, << @y, y,=0, reduces to the solving of the following singular integral equation [6]:

-

W (8) dt oty (z,
_S th_x =-—2%ky)yh=0:fh(xk), 7] < @y, (1.1)
o

where v, (1) = 0.5 [f;f(xh, 0) — tx (x4, 0)] 1is the density of the Cauchy integral

ak

d
(Zk)_anjvh(t)t 2y = T T Yy, {1.2)
-

which expresses the perturbed temperature field f(z,, ¥,
due to the crack f(z;, y,)=Re Fr(z;). The total tempera-

ture field in such a domain is equal to Tu(z, ¥)=1(x,, ¥u)+
to(x ? y) .

The solution of Eq.  (1.1) which is unbounded at
both ends of the interval |— a,, 4l is given by [7].
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z) = — . y ¢
Yk( ) nl/a%——:cz i t—2z

—ap

It can be shown that the function Fr(z;) is invariant with respect to a parallel trans-
lation of the coordinate axes though it is not invariant with respect to the rotation of
the coordinate axes. If the coordinate system z,0,y, 1s related to the xOy system by the
relation

wok | 0

o__ .0, .0
2 = 2,8"%F + z4, Zk == T T Yk,

and the function F(z) plays the same part in the xO0y system as the function Fy(zk)} in the
Xk Okyi system, then

Fy(z) = €*F (ze™® + 24). (1.4)
If on the N intervals |z <C g, y,=0(k=1, 2, , N) the gaps 7vi(r;) in the temperature
field are given, then the temperature dlstrlbutlon in the entlre domain is given by the
formula

T((t, y):t(x7 y)’f‘to(x’ y)’ t(xf y):ReF(Z)

In the above the function

N a,

1 v g T, (1) dt

UGEE DL i =
k=1 —~af

is obtained by the superposition of the functions Fu(z) of (1.2) for single cracks and by
taking into account the transformation formula (1.4) when changing to another coordinate
system.

If the boundary conditions

aT

Tl =0 ek =12, N),

yp=0

are satisfied on the boundaries of the cracks, then to determine the unknown functions yi(z,)
one obtains a system of singular integral equations,

g 'Vn (t)di +E j 'Vk Ry (1, x) dt = nf, (), !Il<(ln (n=12...,N) (1.5)

t —
—Cy k=1 ——Cph

The notation 3 indicates that the term with the row number should be omitted in the
summation. The kernels R,(¢, z) are found by using the relations

iock

Thus the determination of the stationary temperature field in a plane with thermally
insulated cuts has been reduced to the solving of a system of singular integral equations
(1.5). It is noted that in [8] Egs.(1.5)were obtained in a somewhat different way.

The solution is now found in the case of large distances between cracks. Then for
the kernels fi,, ({,x) the expansions

‘oo P
e BN VD=V 3—p—V
Rnk (i,.’l?) == A..:) .’.10 Cnppyl & Ak
P v=

7

627



are valid; here ,
Cappy = ("“ 1)TJ+V-HCV COo8 [(p —V ’L 1) Ay ’*‘ Yoy — (P “T 1) ﬁnkl;

v _rp=1 .. (p—v 1)
14 vl 3

iBy,7 0 0
dnke nk — Zp — Zp.

By introducing the dimensionless parameter

" 2
i %, a=max {ay}, d=min (dy,,],

which characterizes the distances between cracks the solution of the system (1.5) of integral
equations is found, following [9], as the series

T (2) = X v, (1) 27,
p==0

where .
'n.
’ 1 ]/a — 42 L yar
Tao (2) = — / ) j t—x s Yot (2) = 0;
11 a4y — 25—y
s .
) }\3! \ z \ s+ N
4 ] X sh ST . ' ,
o (0) = e 37 W} M H (”) (T" | et | OV d (p= 23,
al 2= ® / —an
ﬂ.n ——
x f ( EP a2 — g2 [I
I]p( a > 1 j ]/2-__11 - dC, Epp == : \<\1
" e ® nk

For collinear cracks the system (1.5) has a solution in closed form.

2. When solving the thermal elasticity problem for a plane with cuts one has to de~-
termine the thermo-elastic state of the continuous plane due to the temperature field #(z, y),
to find the stress components on the cuts, and then to solve the force problem [9]; the
latter is done by taking into account that forces have been applied to the boundaries of
the cuts which are equal in magnitude but opposite in sign to the found stresses. Moreover,
the stress distribution due to the perturbed temperature field t(x,y) must also be estab-
lished. This will be considered later when the solutions to the first two problems have been

found.

It is assumed now that there is one crack [z} < a,, y;=0, in an elastic isotropic plane
whose edges do not touch and are not loaded. Then

Ni— il =Ny —iTy =0, |r1 < ay, (2.1)

where Nk, Ty represent the normal and tangential stresses, respectively, on the Ok, xi axis.

The following notation is now introduced:

o _ o _ i(x4+1)
up —up -+ Hvg —vr ) =" & @), [nl< o (2.2)

By using the formulas [10, 11]

Ny — il = O (2) - D, (2) + 7 @, (2) -+ ¥ (2);

ZG - (uk - ivy) = w0y (3) = Dy (2,) — qu);c (2,) — ¥y (z) + PFy (2n),

one obtains from the conditions (2.1) and (2.2) the conjugate problem on the interval
jr,) < q, for the function ®,(3,),
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By, (1)

OF (2,) — OF (z) = 16y (1), Gifz) = gu (2) + el

(2.3)

where ®,(z,), ¥.(z) are complex stress potentials [10]; Fy(zk) is given by the formula (1.2);
n=3—4v , p=aFE for a deformation in a plane and z={(3 — v)(1--v}), f=ak ({+v) for a general-
ized two-dimensional stressed state*; a is the temperature expansion coefficient; G=E/2(1--v)
is the shear modulus, E is the elasticity modulus; v is the Poisson coefficient.

From the boundary-value problem (2.3) the function ®,(z) which decreases at infinity
is given by the €auchy integral [10]

ap
1 G, {(t)dt
@y (2,) = 5 y*—k‘——

t—z,
—ay

Hence one can draw the conclusion that the integral equations of the thermoelastic
problem for a body with cracks are identical with those fo; the corresponding force problem
[9, 12] provided that in the latter the unknown functions g,(z) are replaced by G,(z) . In

the case of a single straight line crack |z} < a,, y,=0, whose edges are not loaded one has
the equation

ap

Y G, (1) dt
{2020, i<y,
~—ak
and its solution is given by [7]
id
Gpla) = —= .
1/_41%—352 (2.4)

Integrating the latter from- g, to g,, one finds the value of the constant Ay.

ap ap
4= Pn@ae=— 20 i@ (2.5)
—ap, —a

In the above one has taken into account that y,(— a,)=v,(e¢,)=0. By substituting v,(z) from
(1.3) into (2.5) one obtains

ah

4= ( Va—r f(0d.
-ty

If the function G,(z) is known, one is able to determine the thermoelastic state over

the entire plane. In particular, the coefficients of stress intensity at the vertices of the
crack are found from the formula

L ) @ —<f (2.6)
k“k - ks, = T lim ]:———————_ G . °
i 2% = iy N 5 (Z4)

In the above the upper sign refers to the right vertices of the crack, and the lower
one to the left vertices. By using the relations (2.4) and (2.6) one can write

*
In this case it has been assumed that the plate is thermally insulated on its lateral sur-—
faces.
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F oy _jahfk(t) Ve — 2 dt, kg, = o. (2.7)

o
R
f

For a homogeneous heat flow at infinity which is perpendicular to the Ox axis, that is,
for

to(z, ¥)=qy, (2.8)

one finds from the formulas (2.7) and (2.8) that

Bga,, I/ZL cosa,

ki:-‘— w1

’ k?ﬁ:O. (2.9)

This result was previously obtained in [13].

In the case of a system of cracks |}<(a;, ye=0(k=1, 2, ..., N), directed arbitrarily
and free of loads the integral equations are given by [9]

a. N’ @
ﬁ G, = ¢

-
[

) = (G (t) K (t,2) + G (§) Loy (1, )] dt = 0, 1| <an(n=1,2,...,N). (2.10)
—ay k=1 —ap

In the above

e—iak 1 e—2iccn
Kt 2) = = (Tk—x - )?

| T,—X,
—icch T - X
1 k n 9
Lnk(t x)=e‘  — = =7 & 2o, .
’ 27 —-x, (h—%)

By using the inversion formula for Cauchy integrals [7], a system of Fredholm integral
equations of the second kind is found from the formula (2.10),

N ak
Gn () = - t _:iAmLE' 5 [Gk(z)Mnk(t,x)+CT(t)Nnk(t,z)]dt}, o] <an(n=1,2,...,N). (2.11)

= 2
T Van — ¢ k=1 —ap

In the above one has

M (2, x))_L“? vfa3—§z<Knk(t,g)\
(Nnk (t,2)) == 5 Loy (¢, g))dg'

E—2z
\ °

For large distances between cracks the solution of the system (2-11) can be obtained
in the series form [9]

LY

G (7) = p;o Gnp (2) A7,

where
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QR
X an—_V t\ ¢ [anhsth,p——s—l (t) - bnk.;’v Gh,p—s-——i (t)] dt -- iAnp}

—aR

(p=23...).

In the above the values dpupy, by s and 4,, are coefficients of the expansion of the
functions K,.(¢, 2), L1, 2),and A, for small values of the parameter A.

oc n
Hop (1, 1‘)) _ V'Y <aﬂhp\’) R p—1
(th(ta 1)) T med \ anpv) © * oy
1):0 V=0
o an
.'1,1 = L 4-1)”7 /._p; :lnp = = i F)\ Yap (l') d.l';
=0 —lpn

E 7 v Nt v . . y
Tuppy = — (— DT v Cplexp i (p-- DPfnp—(p—V)0a —(v+

=)oyl - exp (E(p - D) Pap — (P — V- 2)an — (v — 1) ol i}

Banos = 5 { — D {(p = 1) Clexp (8 [(p+ 8) fox — (p — v +

+ e, — (v ey} — (€ + pCh—y) exp li[(p -+ 1) Brw —
—(p— ) — (v Doy} — pCrZiexp [i[(P - 1) By — (p — ¥ = 2oty — (v — {) 1] .

It should be noted that the approach used here to solve two-dimensional thermoelastic
problems for bodies with cracks can also be emploved in practical applications, since the
problems of heat conduction and thermal elasticity, as well as the force problem, are all
solved in the same manner. By employing this method one is able to obtainexact solutions to
thermoelastic problems in the case of two collinear cracks of equal length, as well as for
a periodic system of collinear cracks in the infinite plane. The former problem was analyzed
in [2] and its solution is given below,

3. Let us consider a periodic system of collinear thermally insulated cracks located
on the Ox axis (@,=0,a,=a,s) =nd, n=0,+1,4-2,...) and subjected to the same conditions (f.(z) =
Hz)). In this case the system (1.5) is reduced to a single integral equation (y,(z)=17,(x))
(12], namely,

g St 1), <
Its solution is given by

l I ¢ ) : (v
' Ta r , \ R Rl SR (3.1)
]/[n"—'-——-_(nﬂ——- cos= —[‘_‘_’_” g = — 1o —
d BT sl ¢ )

()

Integrating (3.1) between the limits —z to & one finds that C, = 0.

To the system (2.10) of integral equations there corresponds in this case (G,(x)==G(2))
the equation

a(t—r
e

[+
S fyetg ———dt =0, |1} a,
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whose solution is

G, (z)= iy

By using the relation
a :
S G, (z) dz = i4,,
—a

one finds the value of the constant Cs:

The solution has thus been reduced to the finding of the constant A;. Substituting

in (2.5) the value of y(z) as given by (3.1) and inverting the order of integration and
evaluating the internal integral, one obtains

a

bd
A= = g | JOH @,
]/./1 g aa // tg,"jm t , T
A gt gr — gt
H()=ln ;a 1’: :I: .
]/ 1 ‘l"l—-——]//tg2i7v~tg2i4

, The coefficients of stress intensity are found by using the formula (2.6). This
produces

b= ¥ Bd_ fﬂﬂHmﬁJF=& (3.2)
2n(u-%1)l//ndtg%§_:a
In the case of homogeneous heat flow at infinity (f(x) =— 2g) one finds from (3.2) that
Ae Zﬁqd2 -
ki =T =1 cos 2| k1 =0 (3.3)
a0 Y arg S [ ar

One should mention in conclusion that the formulas (2.7) and (3.2) provide only those
components of the coefficients of stress intensities which are due to perturbations of the
temperature field. The results (2.9) and (3.3) represent a complete solution of the problem,
since the linear temperature field {,(z,y) of (2.8) does not give rise to any stresses in
the continuous infinite plane.
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